An artist has been asked to design a window made from pieces of coloured
glass with different shapes. To preserve a balance of colour each shape must

have the same area. Three of the shapes used are drawn below.
A B %C

Relative to x,y—axes, the shapes are positioned as shown below.

7 |

(@) Find the area shaded under y = 2x — x°.
(b) Use the area found in part (a) to find the value of p.

vA

vA

(c) Prove thatg satisfies the equation cosq + sing = 0.081 and

hence find the value of g to 2 significant figures. (10)
¢ ks | Unit non-calc calc calcneut | Content Reference : 34
part marks | Uit "¢ TA/B | € [A/B| C [A/B | Main Additional .
@ 4 22 4 226 Source
® 2 0.1 2 0.1 1992 Paper 2
© 10 34 2 | 8 342, 321,227 Qu.10
(@ ! strategy: know to integrate @ o J (sinx—cosx) dx
2
2 2 q
* J(Zx X ) dx *® for the limits |
0 T
3 AP —;;x?' o’ [-cosx—sinx]
1 i 0 cosgsing+ 2
o'l V2-4-0081
o' strategy: eg kcos(q - a)
®) &° strategy: usearea to find p B2
o p= % or equivalent ot o £
o1 cos(q - %) = __0-0§1
.16 g=23
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(@) The diagram shows a part of the y
curve with equation y = 2x2(x -3). o / .
Find the coordinates of the x
stationary points on the graph and
determine their nature. )
(b) State the range of values of k for
which y = k intersects the graph in
three distinct points. (2)
partmarks | Unit |80 S SO i Aditonal 13
@ 5 13 5 13.12 Source
®» 2 | 12 2 121 199};::‘;“ 2
@ o Zoex’-12¢
o2 .%=0
3

. x=0, x=2

“ x 0 0 0" 22 2F
dy
&> T -+ + -+

" max.at(0,0) minat(2,-8)

®» 06 k<O
o k>-8

Mathematics: Additional Questions Bank (Higher) — Extended response questions 82



(@) Inthediagram, A is the point (-1, 1), Bis (3, 3) and C is (6, 2). The
perpendicular bisector of AB has equation y +2x =4. Find the equation

of the perpendicular bisector of BC. @
vyt B(3, 3)
C(6,2)
AG-1,1)
0 x
y+2x=4

(b) Find the centre and the equation of the circle which passes through A, B

and C. 6)
) non-calc calc calc neut Content Reference : 2
part marks | Unit =525 TG [a/B | Main Additional 4
@ 4 11 4 119, 1.17 Source
a . 1.9, 1.1.
® 6 24 6 243, 112 1993:?2“ 2
1
(d) ° mpc = —%—
‘2 m) = 3
o midpointpc = (—2—,—;—)

* y-3=3x-3)

& o y-3x=-11

o perp. bisector passes thr’ centre stated explicitly
o using y—3x=-11 and y+2x=4

< G2

o =25

(x-3% +(y+2)° =25
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The diagram shows an isosceles triangle PQR in which PR = QR and angle PQR = x°.

sinx® sin2x° P
(@) Show that = (3)
(b) (@) State the value of x° whenp =r. .
(ii) Using the fact that p =7, solve the
equation in (a) above, to justify your
{o]
stated value of x°. 0 X ; R (5)
¢ K Unit non-calc calc calc neut Content Reference : 2.3
part marks | Lni C [A/B Il C [A/B| C [A/B | Main Additional )
@ 3 0.1 2 | 1 0.1 Source
® 5 23 5 235, 0.1 1991 Paper 2
Qu.3

@ o' (180-2x)
2 sinx® _ sin(180-2x)°
p r
*”  sin(180 —2x)°=sin 2x° stated explicitly

® & 400
o sin x° = sin 2x°
 sin x°(2cosx°-1)=0
o/ sinx°=0 and cosx°= %
8

e x=60 isonly answer stated explicitly
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(@)

On the same diagram, sketch the graphs of y =log;yx and y =2-x where
0<x<5.

Write down an approximation for the x-coordinate of the point of intersection.

(3)
(b) Find the value of this x-coordinate, correct to 2 decimal places. 3)
¢ ks | Unit non-calc calc calcneut | Content Reference : 1.2
part marks | *™* [[CTA/B | C [A/B| C JA/B | Main _Additional
@ 3 1.2 3 125 Source
(Z) 3 0'1 1 ) 0'1’ 1991 Paper 2
' ' Qu. 4
@ o graph of y = 2— x with two annotated points eg (2,0) and (0, 2)
Z graph of y =logjg x with one annotated point eg (1,0)
2 any consistent approximation
() o* between1.7and 1.8
«°  between 1.75 and 1.80
¢ 176
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Diagram 1 shows a christmas tree decoration which is made of coloured glass
rods in the shape of a square-based prism topped by a square pyramid. Diagram

2 shows the decoration relative to the origin and rectangular ZA
coordinate axes OX, OY and OZ. — iV (1,1,3)
: 3cm y
2 HEANY o
) ATREE & A Y
The vertex F has position vector 5 &
-7 :
1 : 7 cm
and the vertex V has position vector 1
3 :
: D G
LI = A
2 cm E F (2, 2, —7)
Diagram 1 Diagram 2
(@) Find
- -
(i) the components of the vectors represented by VF and VE;
(ii) the size of angle EVF. (7)
(b) To make the decoration more attractive, triangular sheets of coloured glass
VEF and VDG are added to it.
Calculate the area of the glass triangle VEF. (3)
ks | Unit non-calc calc calcneut | Content Reference : 3.1
part marks | Unit |cTA/B | C [A/B| C [A/B | Main Additional )
Source
(@) 7 3.1 7 3.1.11, 3.1.1 1991 Paper 2
®» 3 0.1 3 0.1 Qu.5
- ! 8 -
@ J yr=| 1 ®) o lVExVFsinEVF
-10) ¢ 1x102xsin11.4°
2
© E=@0-7) ' 1002
(1)
——)
@ VE=| 1
-10
o' osEVF = YEVE  This may appear as % after the completion of *° and *°.
IVEI IVFI
5 =l
 VE.VF=100
6 —> -
o |VEIIVFI=102
A WL
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There is a rule known as the Product Rule which is used, as shown below, to
differentiate any product of two functions of the same variable.

The Product Rule
If P(x)=f(x).g(x), then P’(x)=f"(x).g(x)+ f(x).g"(x)

Example: Find the derivative of P(x) = x*sinx.

P(x) = x’sinx Choose  f(x)= x* and g(x) = sin” x
then f(x)=2x and g'(x)=cosx

) 2
so P/(x)=2x.sinx+x .cosx

) 2
P’(x)=2xsinx+x cosx

Use the Product Rule to find the derivative of P(x) = x> cosx (5)

part marks | Unit non-calc calc calc neut Content Reference : 0.1

C |A/B C |A/B]1 C |A/B Main Additional
' Source
G 5 0.1 5 0.1 1991 Paper 2
Qu. 6

O =

" g(x)=cosx

o flx)= 3x° and g(x)=—-sinx
o 3x% cosx

3 .
g =X sinx
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(@

A tractor tyre is inflated to a pressure of 50 units.

Twenty-four hours later the pressure has dropped to 10 units.

If the pressure, P, units, after t hours is given by the formula p, = Poe_kt , find

the value of k, to three decimal places. (5)
(b) The tyre manufacturer advises that serious damage to the tyre will result if it is
used when the pressure drops below 30 units.
If the farmer inflates the tyre to 50 units and drives the tractor for four hours,
can the tractor be driven further without inflating the tyre and without risking
serious damage to the tyre? (4)
¢ ks | Unit non-calc calc calcneut | Content Reference : 3.3
part marks | Y™ ['C Ta/B | C [A/B| C [A/B | Main Additional
@ 5 33 2 | 3 334 Source
(Z) 4 3.3 1 3 3.3'4 1991 Paper 2
’ - Qu.7
@ 1 10=50e7
& 02=¢
@ 24k=1n02
! 24k =-1609
¢ k=0067
®) W5 knowing to find Py
7 P, =50¢0%7x4
$ 38
o’ 38> 30 so can be driven further
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The displacement, d units, of a wave after t seconds, is given by the formula
d = cos20t° + /3 sin 20¢°-

(1) Expressd in the form kcos(20t — )°, where k> 0 and 0 < o < 360. (4)

(b) Sketch the graph of d for 0 <t <18. 4)

() Find, correct to 1 decimal place, the values of ¢, 0 <t £ 18, for which the

displacement is 1-5 units. 3
¢ K Unit non-calc calc calc neut Content Reference : 3.4
part marks | Uni C |A/B | C [A/B| C JA/B | Main Additional :
(a) 4 34 4 34.1 Source
® 4 1.2 2 2 1.2.3 1991 Paper 2
© 3 23 1 2 2.3.1 Qu. 8
@ &1 kcos20° cosa® + ksin 20£° sin or°

o2 kcosa®=1 and ksina®=+3

)

o a=60

® o° endpoints: (0,1) or (18,1)
e zeros: (75,0) and (16.5,0)
*"  stationary points: (3,2) and (12,-2)

e correct annotation of graph

© & 2008(20t-60)°=15

20t-60=414=1t=>5.1

o 20t—60=-414=5¢=09
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(a)

At 12 noon a hospital patient is given a pill containing 50 units of

antibiotic.

By 1 pm the number of units in the patient’s body has dropped by 12%.
By 2 pm a further 12% of the units remaining in the body at 1 pm is lost.
If this fall-off rate is maintained, find the number of units of antibiotic

remaining at 6 pm. 4)
(b) A doctor considers prescribing a course of treatment which involves a
patient taking one of these pills every 6 hours over a long period of time.
The doctor knows that mopre than 100 units of this antibiotic in the body
is regarded as too dangerous.
Should the doctor prescribe this course of treatment?
Give reasons for your answer. (6)
ks | Uni non-calc calc calcneut | Content Reference : 1.4
part marks | Unit "= TA/B | C [A/B | C [A/B | Main Additional
@ 4 14 4 14.1 Source
a . 4.
1991 Paper 2
14 4 2 143,145
® 6 Qu.9
@ o' use0.88or88%
o2 n=6
g =50x0.88°
o ;2
®) &> adding 50
4, =088%,+50
o’ -1<0.88° (or 0.4644)<1 so limit exists
08 L = LG
1-0.88
o 934
10" 93.4<100 so safe to continue
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Diagram 1 shows a rectangular plate of transparent plastic moulded into a
parabolic shape and pegged to the ground to form a cover for growing plants.
Triangular metal frames are placed over the cover to support it and prevent it
blowing away in the wind.

Diagram 2 shows an end view of the cover and the triangular frame related to
the origin O and axes Ox and Oy. (All dimensions are given in centimetres.)

y
plastic A 0 petal 000 geeseeeseeeeeeeeeees x
cover metal 10
frame X
40
plastic
cover
0 \ Y o
> >l X
. 5 20 20 5
Diagram 1 Diagram 2
2
(@) Show that the equation of the parabolic end is y =40 - 100’ -20 <x <20. @)
(b) Show that the triangular frame touches the cover without disturbing the
parabolic shape. (7)
¢ K Unit non-calc calc calc neut Content Reference : 21
part marks | Un C [A/B | C [A/B| C [A/B | Main Additional
Source
(@) 4 1.2 1 3 1.2.7 1991 Paper 2
(1) 7 2.1 3 4 218, 1.1.1,11.7 Qu. 10

@ ! y=ax2+bx+c

" (0,40)=c=40

" symmetry =>b=0

o (0,0)=a=-3

& o strategy: find equ of line and solve with parabola
e e.g. gradient of left line=2

o y=2x+50

¢ 2x450=40-1%

¢ % +20x+100=0

b* —4ac=0 or (x—10)° =0

equal roots so line is tangent to parabola
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The diagram shows a proposed replacement
of the old platform canopy at the local
railway station by a new parabolic canopy,
while keeping the original pillars.

If OR and OP are taken as the x- and y- axes
and Q has coordinates (1, 1), then OQ has
equation y =+/x and PQ is the tangent at Q
to the parabola.

The planners have received an objection that there is a reduction of more than 10%

in the space under the canopy and wish to compare the two canopies.

(@) Find the equation of the tangent PQ and the coordinates of P. (5)
(b) Find the area of the trapezium OPQR. (2)
(c) Find the area under the parabola OQ. 3)
(d) Comment on the objection received. 3
¢ X Unit non-calc calc calc neut Content Reference : 29
part marks | “n C [A/B | C [A/B| C [A/B | Main Additional .
@ 5 13 5 139, 1.17 Source
B 2 0.1 2 0.1 1991 Paper 2
© 3 2.2 3 22,6 Qu.11
(d) 3 0.1 1 2 0.1
1 4 s (" 1
@ & B © . Lx dx
1
< Lx? O 2,7
B o d 1 3
m=-- x=1_2 10 %
o y-1= %(x -1)
¢ P=0D
(® o  method for area of trapezium @ WM strategy: compare reduction with original
7 3 12 3 1
o2 2_1 17 _1
4 *C i3=ypad F=3
4
2B % =11.1%>10% so objection correct
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A function f is defined by the formula f(x) = (x - 1)*(x +2) where x R.
(@) Find the coordinates of the points where the curve with equation y = f(x)

crosses the x- and y-axes. 3
(b) Find the stationary points of this curve y = f(x) and determine their nature. (7)
(o) Sketch the curve y = f(x). (2

. non-calc calc calc neut Content Reference :
part marks | Unit [=E=Te— =T8¢ [A/B | Main _Additional 1.3
(@) 3 1.2 3 1.2.9 Source
®» 7 1.3 7 1.3.15 1990 Paper 2
© 2 13 2 1.3.13 Qu.1

@ o x=1, -2
> (1,0) and (-2,0)
- 0,2

® o fa)=x>-3x+2
°  fx)=3x"-3

*  f(x)=0 stated explicitly

o x=1and -1

S ox aa at 1 o1 1
fx) + 0 - - 0 +

"  maxat(-1,4)

min at (1,0)

© o correct shape of sketch
12
[ 4

correct annotation of sketch(max, min, 2 axes intersections)
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P, Q and R have coordinates (1,-2), (6, 3) and (9, 14) respectively and are three

vertices of a kite PQRS.
(a) Find the equations of the diagonals of this kite and the coordinates of the
point where they intersect. 7
(b) Find the coordinates of the fourth vertex S. )
K Unit non-calc calc calc neut Content Reference : 11
part marks | Unit ["ETTRUB 1 C [A/B | C [A/B | Main  Additional .
Source
@ 7 11 7 1.1.10, 0.1 1990 Paper 2
®» 2 0.1 2 0.1 ou 2
(ﬂ) '1 MpR = 2
< PR e.g. y+2=2(x-1
o knowing to use mym, =1 for mgg
04 m = - l
Qs—772
o QS: eg. y-—3=——;-(x—6)
o knowing to solve simultaneously
7 5=(4,9
g8 2 -
(b) ¢ QM= MS orequivalent indication
O’ 5=(2,5
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The extract below is taken from the “OI1L RiG NEws”.

RARE ILLNESS STRIKES RIG
Storm prevents delivery of medicine
By noon on Tuesday 20th December 1988 50 of our oil rig personnel were
laid low by a mystery iliness.
Our resident medical officer is expressing concern because the number of
personnel affected is increasing each day by 8% of the previous day’s total.

(a) If the daily rate of increase remained at 8% of the previous day’s total, how many
personnel were affected by noon on Sunday 25th December 1988? (3)
(b)) Animprovement in the weather conditions allowed a team of medics to fly out
to the rig on the morning of Tuesday 27th December 1988.
At noon on that Tuesday, all personnel were innoculated and no new cases of the
illness arose. Within the next 24 hours, 21% of those who had been affected had
recovered.
If the daily rate of recovery of 21% of the previous day’s total was maintained,

how many personnel were still affected by the illness at noon on Saturday 31st
December 1988? (5)

. non-calc calc calc neut Content Reference :
part marks | Unit [P T—="Tr 51 C [Ao/B | Main Additional 14
Source
(a) 3 14 3 14.2 1990 Paper 2
®» 5 14 5 14.2 Qu.3

@ Uy, = 1.08"u0
¥ 45 =1.08" x50
o 73 or 74

® o 4, =1.08" x50
* u;=85 or 86

o v,=079" ()

© 9v4=33 or 34

¢ for consistent rounding
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(@) Relative to mutually perpendicular axes Ox, Oy and Oz, the vertices of

triangle ABC have coordinates A(9, 9, 24), B(27, 3, 0) and C(3, 27, 0). M is the

mid-point of AC.
Find the coordinates of G which divides BM in the ratio 2:1. 3
(b) Calculate the size of angle GOA. (5)
1 A9,9,24)
o¥/ y
s
G C (3,27,0)
X
B (27, 3, 0)
. non-calc calc calc neut Content Reference :
part marks | Unit =115 T [a/B | Main Additional 3.1
Source
() 3 3.1 3 3.1.6 1990 Paper 0
® 5 3.1 5 3.1.11 Qu. 4
@ o M=, 18, 12)
R =21
.7 e.g. BG=% 15
12
3
° G=(13, 13, 8)
—1)4 -
(ONE cosAéG=—%——’—o—i—-
IOAI 1OGH|
9 13
5 - -
] OA=|9 | and OG=|13
24 8
6 - -
. OA.0OG =426
%
77 10Al =+738 and 10G| =402
& 3850
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(@) Show that 2cos(x +30)° —sinx° can be written as~/3 cosx° — 2 sin x°. 3)
(b) Express /3 cosx° —2sinx° in the form kcos(x + a)° where k>0 and
0 < a <360 and find the values of k and «. @)
(c) Hence, or otherwise, solve the equation 2cos(x +30)° =sinx°+1,
0<x<360- (3)
. non-calc calc calc neut Content Reference :
part marks | Unit "= Tm T T8 TC TA/B | Main Additional 3.4
@ 3 23 3 232, 1211 Source
& 4 34 4 34.1 1990 Paper 2
© 3 34 3 34.2 Qu. 5
@ ! cos(x + 30)° = cos x° cos 30° — sin x°sin 30°
o —“/23 cos x°— %sin x°
3 2x (—‘/Zi cos x° — %sin x°) —sinx®
®) o kcosx°cosa®-ksinx°sina®
o° ksina®°=+/3 and ksina°=1
e k=70G=42
7 a=491
© o Tcos(x+49.1°=1
J x=187°
10 y=2437°
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(@) The function f is defined by f(x)= 2 =2x" —5x+6.
The function g is defined by g(x)=x-1.
Show that f(g(x)) = x> —5x° +2x+8. 4
(b) Factorise fully f(g(x)). (3
(c) The function k is such that k(x) = —_1__
f(g)
For what values of x is the function k not defined? (2)
. non-calc calc calc neut Content Reference :
part marks | Unit F=—rFeT"+"Tr5 T [A/B | Main Additional 2.1
@ 4 1.2 4 1.2.6 Source
® 3 2.1 3 213 1990 Paper 2
© 2 1.2 2 12.1 Qu. 6
@ o f(s@)=fx-D
o (-1 -2x-1*-5(x-1+6
@ -1 =x-3xt43x-1
o' 2x% +4x-2-5x+5+6 and completing argument
® o first“0" eg. 2|15 2 8
2 6 -8
1-3 4 0
S By 4=(x+D(x-4)
o (x=2)(x+1(x—4)
© o denominator (=(x—2)(x+1)(x—4))#0
C 1,24
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The diagram shows two curves with )
. 2 2 -
equations y=x" and y =x. y=x
The area completely enclosed between
the two curves is divided in half by the
line with equation x = k.
(@) Represent these two equal areas by two separate integrals each involving k. (6)
(b) Equate the integrals and show that k is given by the equation
3
2k° - 4k? +1=0. @
e 2 .
(c) Use the substitution p~ for k° to find the value of . 4
¢ K Unit non-calc calc calcneut | Content Reference :
part marks | Unit "G TA/B | C [A/B| C [A/B | Main Additional 2.2
@ 6 22 3| 3 227 Source
® 4 22 2 | 2 225, 0.1 1990 Paper 2
© 4 0.1 4 0.1 Qu. 7
@ o strategy: equate functions
2 4
hd X =X
S x(x3 -D=0=>x=0, x=1
(1
B Ry ® o 2 %
" .8 1.3
5 rk % » §x
’ o 9 2.3 133 2 1 _(2,3_1;3
- © gki-zk o 5“5—(37‘ —5")
'6 x% - x2 dx 10 3 3 3 3
Jk . %kf——g—k = %——;——(%kz —%k ) and completing proof
© B 2p2 -4p+1=0
o2 4+

13
°

14
.

strategy for solving: e.g. p=

p=0.293, 1.707

k=0.441
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A sports club awards trophies in the form of
paperweights bearing the club crest.

Diagram 1 shows the front view of one of these
paperweights. Each is made from two different
types of glass. The two circles are concentric and
the base line is a tangent to the inner circle. Diagram 1

(1) Relative to x, y coordinate axes, the equation of the outer circle is

2+ y2 —~8x + 2y —19 =0 and the equation of the base line is y = -6.

Show that the equation of the inner circle is X+ yz -8x+2y—-8=0. (4)
(b) An alternative form of the paperweight
is made by cutting off a piece of glass
from the original design along a second
line with equation 3x -4y +9=0 as
shown in diagram 2.
Show that this line is a tangent to the
inner circle and state the coordinates of Diagram 2
the point of contact. (7)
t ks | Unit non-calc calc calcneut | Content Reference :
part marks | Unit 1"cTA/B | € [A/B| C [A/B | Main Additional 24
Source
@ 4 24 4 24.3 1990 Paper 2
()] 7 24 3 4 244 Qu.8
@ o' centre=(4,-1)
o> innerradius=5
¢ (x-9P+(y+1)7=25
o completing argument
5
B ¢ eg. x=i§-y—3
6 2 2
© ($y-3) +y -8(3y-3)+2y-8=0
7 167 8y+9+y’-Ryr2442y-8
¢ P -6y+9=0
9
o eg (y-3)y-3)=0
10 equal roots = line is a tangent
)
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Polynomial equations often have roots which are not whole numbers.

One method of estimating the roots of such equations is to make repeated use of
the following:

If x = p is an estimate of a root of the equation f(x) =0, then x = g will will be a

closer estimate where g=p— _f_(p_)

f'p)

Example

One of the roots of the equation x° = 2x—5=0 is known to lie between 3 and 4.

We have f(x)=x2—-2x—5 and so f’(x)=2x—2.

Choose p = 3 (Ist estimate) then g=3— ; ((33)) =3-7+=35.
Choose p = 3.5 (2nd estimate) then 4=3.5- ;,%?) 3.5- @ =3.45.
f(345) _

Choose p = 3.45 (3rd estimate) then §=3.45 - 77 = 3.45 - 0002 =3.449.

Conclusion  The root, correct to 1 decimal place, is x = 3.4

(a) Show that the equation x° =2x” +6x -4 =0 has a root between 0 and 1. 3
(b) Use the method described above to find this root correct to 1 decimal place. (6

¢ K Unit non-calc calc calc neut Content Reference :
part marks ni C |A/B c |la/sBl ¢ [A/B Main Additional 4
Source
@ 3 21 3 21.11 1990 Paper 2
(b) 6 0.1 3 3 0.1 Qu.9

@ o 0’-2x0+6x0-4=-4
< Po2xl+6x1-4=1
e  f(0)<0 and f(1)>0 soO<root<1

® ot f0)=32"-4x+6
R £

e.g. Istest=0, 2nd est=0— O = 0.67
6 _ f067)
) 3rd est =0.67 — KU %)
o 07936
& 4th est=07936— L8720 _ (37932

7(0.7936)
o 08
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The Water Board of a local authority discovered it was able to represent the

approximate amount of water W(t), in millions of gallons, stored in a reservoir

t months after the 1st May 1988 by the formula W(t) =1.1- sin—Tg.

The board then predicted that under normal conditions this formula would
apply for three years.

(@) Draw and label sketches of the graphs of y = sin%t and y=-sin Eéf, for 0

<t <36 on the same diagram.

4)
(b) On a separate diagram and using the same scale on the #-axis as you used
. . Tt
in part (a), draw a sketch of the graph of W(t)=1.1- sin-—. (3)
(c)  On the 1st April 1990 a serious fire required an extra 4 million gallons of
water from the reservoir to bring the fire under control.
Assuming that the previous trend continues from the new lower level,
when will the reservoir run dry if water rationing is not imposed? 3)
ot ks | Unit non-calc calc calcneut | Content Reference :
part marks | Unit ["C"TA/B | C [A/B| C [A/B | Main Additional 1.2
@ 4 1.2 4 123 Source
®» 3 1.2 3 124 1990 Paper 2
© 3 1.2 3 1.2.9 Qu. 10
@ o' correct scales
'2 Zeros
> graphofy= sin 2
*  graph of y=-sin%
5 . . .. . 0 . mt
() ¢ indication of translation 11) ©¥=- sin%-
¢ for minima at W = 0.1
o sketch
(© o indicate on graph effect of fire att =23
O t=26 (+1)
10 about July(+1) 1990
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A function f is defined by the formula f(x) = 4x”(x - 3) where xeR.

(@) Write down the coordinates of the points where the curve with equation
y = f(x) meets the x- and y-axes. (2)
(b) Find the stationary points of y = f(x) and determine the nature of each. ()
() Sketch the curve y = f(x). (2
(d) Find the area completely enclosed by the curve y = f(x) and the x-axis. 4)
¢ X Unit non-calc calc calcneut | Content Reference :
part marks| *m C JA/B | C TA/B| C [A/B | Main Additional 2.2
@ 2 1.2 2 129 Source
® 6 1.3 6 13.12 1989 Paper 2
© 2 13 2 13.13 Qu.1
d) 4 2.2 4 226
1
@ <+ OO0 © o correct shape
2
< G0 "> (0,0),(3,0),(2,-16) annotated
3
(d) .11 3 _ 2
® ¢ flo=12x* -24x f 0(4" 12x )dx
' f()=0 stated explicitly A2 e f 3(4x3 1052 )dx
5 0
 x=0, x=2 3
] _ . . J3 [_x4 . 4x3]
 x |00 0o 0" 2702 2 0
f ! + 0 - -0 + .14 27
o max at (0,0)
* minat (2,-16)
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ABCD is a quadrilateral with vertices A(4, -1, 3), B(8, 3, -1), C(0, 4, 4) and D(—4, 0, 8).

(@) Find the coordinates of M, the midpoint of AB. (4 )
(b) Find the coordinates of the point T, which divides CM in the ratio 2:1. 3)
() Show that B, T and D are collinear and find the ratio in which T divides BD. 4
art marks | Unit non-calc calc calc neut Content Reference : 3.1
P C [A/B A/B| C [A/B | Main Additional .
(a) 1 0.1 1 0.1 Source
® 3 3.1 3 3.1.6 1989 Paper 2
© 4 3.1 4 317, 3.16 Qu. 2
1 - -4
(a) L (61 11 1) (C) .5 e g' BT =| -1
3
® o2 CM=| -3 N
e.8g == ° TD=|-2|=2xBT
6
3 C?— 42 o TD is parallel to BT, T is common point so B, T, D collinear
iy ¢ BLID=1:2
o T=-@4,2,2
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(@)

(b

(©)

(i) Make a sketch of the graph of y = x3, where-3<x<3, xeR.

(ii) On the same diagram, draw the graph of y =6x+1. (3)
State the number of roots which the equation x° =6x+1 has in the

interval -3 <x <3. (1
Calculate the value of the positive root, correct to 3 significant figures. €Y

art marks | Unit non-calc calc calc neut Content Reference : 21
p C J|Aa/B | C [A/Bl C [A/B | Main Additional .
@ 3 0.1 3 0.1 Source
®» 1 0.1 1 0.1 1989 Paper 2
© 4 21 1| 3 21.11 Qu.3
(@ ol suitable choice of scales
o> sketch of y= x> from x=-3tox=3
o sketchof y=6x+1 from x=-3tox=3
(b) A 3 roots
© 5

. 1st estimate: between 2 and 3

° 2nd estimate: between 2.5 and 2.6
J 3rd estimate: between 2.53 and 2.534
4 253
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The diagram shows a sketch of the parabola y = f(x).

yA

y=f(

1,

(@) Copy the sketch of y = f(x). On your diagram, draw the parabola with

equation y =—f(x)+3. 4)
(b) State the values of x for which 3 - f(x)>0. (2)
(c) If g(x)=3-f(x), express g(x) in terms of x. (3
art marks | Unit non-calc calc calc neut Content Reference : 1.2

p c [a/B |l c [a/B]l Cc [a/B Main _ Additional .

@ 4 12 4 1.2.4 Source

®» 2 12 2 12.1 1989 Paper 2

© 3 12 3 12.7 Qu. 4

@ o' inverted shape
*~ passing through origin
e annotating (1,2)
*  annotating (2,0)

® @ endpoints of 0<x<2

* “less than signs” of 0<x<2

© o 8(x) = ax(x—2)
o (1,2)=>2=a(1-2)
o gx)=-2x(x-2)
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An ear-ring is to be made from silver wire and is designed in the shape of two
touching circles with two tangents to the outer circle as shown in Diagram 1.
MY

®)

Ry

Diagram 1 Diagram 2

-6

Diagram 2 shows a drawing of this ear-ring related to the coordinate axes.
The circles touch at (0, 0).

The equation of the inner circle is x+ y2 +3y =0.

The outer circle intersects the y-axis at (0, —4).

The tangents meet the y-axis at (0, —6).

Find the total length of silver wire required to make this ear-ring. (6)

art marks | Unit non-calc calc calc neut Content Reference : 24
p C [A/B | C [A/B| C [A/B | Main Additional .
Source
() 6 24 6 242, 244 1989 Paper 2
Qu. 5
O] o' radius of inner cirdle =%

" centres are (0, -1 %) and (0,-2)

. circumferences are 3n and4rn
* g tgt? =427
o° tgt=~/12

e 29

Mathematics: Additional Questions Bank (Higher) — Extended response questions 107



Some environmentalists are concerned that the presence of chemical nitrates

in drinking water presents a threat to health.

The World Health Organisation recommends an upper limit of 50 milligrams

per litre (mg/1) for nitrates in drinking water, although it regards levels up to

100 mg/1 as safe.

A sub-committee of a Local Water Authority is considering a proposal

affecting a small loch which supplies a nearby town with drinking water. The

proposal is that a local factory be permitted to make a once-a-week discharge

of effluent into the loch, provided that a cleaning treatment of the loch is

carried out before each discharge of effluent.

The Water Engineer has presented the following data:

1. The present nitrate level in the loch is 20 mg/1.

2. The cleaning treatment removes 55% of the nitrates from the loch.

3. Each discharge of effluent will result in an addition of 26 mg/1 to the
nitrate presence in the loch.

and advises the sub-committee that the proposal presents no long-term
danger from nitrates to the drinking water supply.

(@) Show the calculations you would use to check the engineer’s advice. (5)
(b) Is the engineer’s advice acceptable? (D
art marks | Unit non-calc calc calcneut | Content Reference : 1
part marxs C Ja/B | C [A/B| C [A/B | Main Additional 4
Source
. 14.1, 14.
EZ; ? (l);l ? 01 ° 1989 Paper 2
) ) Qu.6

@ & yy=20
=35
o~ three further values eg 41.75, 44.78, 46.15
*° 4676, 47.04, 47.17 looks like approaching a limit

e~ five more lead to 47.27something’=> limit = 47.27

(B  «® 4727 <50 solevel safe
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Diagram 1 is an artist’s impression of a
new warehouse based on the architect’s
plans. The warehouse is in the shape of a
cuboid and is supported by three
identical parabolic girders spaced 30
metres apart.

With coordinate axes as shown in
Diagram 2, the shape of each girder can

Z

S5
E_::.’"\Q“ ‘9/
D
Diagram

. . o 1.2
be described by the equation y =9 -Zx".
y A
y=9- x
(@) Given that AB is 2x metres long,
show that the shaded area in A B
. . 2
Diagram 2 is (18x —3X ) square / \
o)
metres. Diagram 2 (2)
(b) The architect wished to fit into the girders the cuboidal warehouse which had
the maximum volume. Find the value of this maximum volume. (6)
art marks | Unit non-calc calc calc neut Content Reference : 13
P C |A/B | C JA/B| C JA/B | Main Additional .
Source
o 6 |13 A A 1989 Paper 2
’ e Qu.7
@ o' B=(x,y) where y=9 —%xz
o2 area = 2x(9 - % x2 )
® ¢ V=1080x-30x
! 4 _1080-90x"
o ‘fl—‘; =0 stated explicitly
o x= 2«/5
7 x 2437 243 243"
% + 0 -
*  maxatx=2v3 of 144043
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A function fis EVEN if f(-x) = f(x)

e.g. when f(x) = xz, fis EVEN because f(-x)= (-x)? =x"= f(x).

A function fis ODD if f(-x)=—f(x)

e.g. when f(x)= x3, fis ODD because f(-x)= (—x)3 == f(x).

(@) Given that g(x) = cosx and h(x) = sin2x, decide for each of the functions g
and % whether it is EVEN or ODD.
Justify your decisions. 4)
(b) Evaluate J cosx dx and J sin2x dx. (5)
(c) On separate diagrams, draw rough sketches of the graphs of y =cosx
and y =sin2x for - <x<7. 2
d) If v(x)=xcosx, check whether the function v is EVEN or ODD and
2
suggest a value for J xcosx dx. (2
¢ X Unit non-calc calc calc neut Content Reference :
part marks | Lni C [A/B | C [A/B| C [A/B | Main Additional 0.1
@ 4 0.1 4 0.1 Source
® 5 32 2 | 3 321, 3.24 1989 Paper 2
© 2 1.2 2 123 Qu.8
d 2 0.1 2 0.1
@ o' cos(-x)=cosx © o' sketchof g(x)=cosx
g isEVEN o' sketchof h(x)=sin2x
S sin(-2x) = —sin(2x)
« 1 isODD
@ 12 y(x)isODD
o [sinx]?, =2
o —-Cos2x
o x1
9 1 7
. —5cos2x|°_ =0
[feosasf!,
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The formula d = 200 + 80(cos 30¢° ++/3 sin 30¢°) gives an approximation to the
depth of water, d, measured in centimetres, in a harbour ¢ hours after

midnight.
(@) Express f(t) = cos30t°++/3sin30¢° in the form kcos(30¢ — )° and state
the values of k and o, where 0 < a < 360. 4
(b) () Use your result from part (2) to help you sketch the graph of f(t) for
0<t<12.
(ii) Hence, on a separate diagram, sketch the graph of d for 0 <d <12. (6
(c) Whatis the “low-water” time at the harbour during the time interval
shown on your graph? (D
(d) If the local fishing fleet needs at least 1-5 metres depth of water to enter
the harbour without risk of running aground, between what hours must
it avoid entering the harbour during the time interval shown on your
graph? (2)
¢ ks | Unit non-calc calc calcneut | Content Reference :
part marks | Umt I"C TA/B | C [A/B| C [A/B | Main _Additional 3.4
@ 4 34 4 34.1 Source
® 6 12 2 | 4 123, 124 1989 Paper 2
© 1 0.1 1 0.1 Qu.9
@ 2 0.1 2 0.1
1 ° o : 0wl o
@ o kcos30t°cosa®+ksin30t°sina © o 0800 hours
o kcosa®=1 and ksina®=~3
k=2 @ o 56 hoursand 10.4 hours
o a=60 o e.g. between 5am and 11am
® O maximum at (2,2)
o$ minimum at (8,-2)
o endpoints: (0,1) or (12,1)
o8 graph correctly annotated with 3 points
o’ sketch with original amplitude increased by factor of 60
0
o'* sketch with original graph translated ( 20 0)
Mathematics: Additional Questions Bank (Higher) — Extended response questions 111



@)

The makers of “OLO”, the square mint with the not-so-round
hole, commissioned an advertising agency to prepare an
illustration to the specification described in (i) to (iii) below. The
finished illustration will look like the diagram on the right.

y A
O x
The curve AB in the (ii)

finished illustration is
part of the curve with

equation y = _47

y A

P

o Q =
A tangent to this

curve, making equal

angles with both

axes, is to be drawn

as shown (line PQ)

= >

(iii) Straight lines perpendicular
to the axes are to be drawn
from P and Q as shown. The
shaded part forms ; of the
finished illustration.

(a) State the gradient of PQ and hence find the point of contact of the tangent
PQ with the curve. (5)
(b) Find the equation of PQ and the coordinates of A and B. 4
(¢) Calculate the shaded area of the finished illustration. (6)
rt mark Unit non-calc calc calc neut Content Reference : 22
part marxs C [A/B | C JA/B| C [A/B | Main Additional .
(a) 5 11 3 2 1.1.3, 1.1.10 Source
®» 4 1.1 1| 3 117, 0.1 1989 Paper 2
© 6 2.2 6 2.2.6 Qu. 10
@ o mpg = -1 © o suitable division of area
2 fx)= 4572 M rectangle OPA'C'=3x1.15=345
3 . -3 3
© f)=-8x o2 curved area QBA'C'= J iz dx
K B 115 x
> x=2 andf(2)=1 o [—3]3
x=2 and f(2)= X11.15
- J 215
[ ] + = 3
Ty o (345+215)x4=224
'
° == 3
X
$ x=115
o’ - A(115,3), B(3,0.44)
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